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Time domain intrusive probabilistic seismic risk analysis of nonlinear shear 
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A R T I C L E  I N F O   

Presented new framework avoids the draw-
backs of choosing and using intensity measure 
(s). All the seismic motion characteristics and 
their uncertainties, for example, uncertain peak 
ground acceleration (PGA), spectrum accelera-
tion (Sa) and others, are captured by random 
process motions and directly propagated into 
uncertain structural system. Development of 
ground motion prediction equations (GMPEs) 
for potentially new intensity measures (IMs) (e. 
g., Arias intensity or cumulative absolute ve-
locity) and repetitive Monte Carlo fragility 
simulations are circumvented. Though most of 
current seismic risk analyses are performed for 
damage measure defined on single engineering 
demand parameter, presented framework can 
also handle joint engineering demand parame-
ters/failure criteria without much additional 
effort. It is found that, for different damage 
measure defined on joint engineering demand 
parameters, corresponding seismic risk signifi-
cantly varies and is rather different from the 
risk value for single engineering demand 
parameter. Therefore, considering damage 
measure based on joint engineering demand 
parameters can be of great interest in seismic 
risk analysis. Future work will focus on accu-
racy and efficiency comparison between the 
proposed framework and existing intensity 
measure based, non-intrusive seismic risk 
analysis and also applying the proposed 
framework to more realistic engineering 
structures.  
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A B S T R A C T   

Presented is a time domain intrusive framework for probabilistic seismic risk analysis. Seismic source charac-
terization is mathematically formulated. Methodology for simulating non-stationary seismic motions for given 
source, path and site is proposed. Both uncertain motions and uncertain structural parameters are characterized 
as random process/field and represented with Hermite polynomial chaos. Intrusive modeling of Armstrong- 
Fredrick kinematic hardening based on Hermite polynomial chaos is formulated and incorporated into Galer-
kin stochastic elastic-plastic FEM. Time-evolving probabilistic structural response is solved through developed 
stochastic elastic-plastic FEM. Following that, formulation for seismic risk analysis is derived. The framework is 
illustrated by seismic risk analysis of an eight-story shear frame structure. Uncertainties are propagated from 
earthquake source into uncertain structural system. Difficulties of choosing intensity measure in the conventional 
framework are avoided since all the uncertainties and important characteristics (e.g., spectrum acceleration Sa 
and peak ground acceleration PGA) of seismic motions are directly carried by the random process excitations in 
time domain. Stochastic dynamic equations are solved in an intrusive way, circumventing non-intrusive Monte 
Carlo simulations. 
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Time domain 
Fourier amplitude spectra   

1. Introduction 

Performance-based Earthquake Engineering (PBEE) [1] has been a 
successful framework that allows for objective and quantitative 
decision-making through seismic risk analyses. 

Equation (1) demonstrates state of the art methodology of seismic 
risk analysis: 

λðEDP> zÞ¼
Z
�
�
�
�
�
�

dλðIM > xÞ
dx
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�
�
�
�
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fragility

dx (1)  

where λðEDP> zÞ is the annual rate of engineering demand parameter 
(EDP, i.e., performance target) exceeding specific level z. EDP hazard is 
computed as convolution of probabilistic seismic hazard analysis 
(PSHA) results and structural fragility with respect to intensity measure 
(IM) of ground shaking. PSHA, usually done by engineering seismolo-
gist, estimates exceedance rate of intensity measure λðIM> xÞ consid-
ering all possible faults and scenarios near the engineering site. 
Structural fragility GðEDP> zjIM¼ xÞ defines the exceeding probability 
of EDP given ground motion with particular IM level x. With properly 
defined damage measure (DM) as a function of EDP(s), seismic risk of 
damage state can be calculated. 

The choice of IM is crucial in seismic risk analysis, as it serves as 
proxy of damaging ground motions and all the uncertainties in ground 
motion are assumed could be represented by the variability of IM. 
Spectral acceleration SaðT0Þ is commonly adopted as IM for building 
structures. Many ground motion predictions equations (GMPEs) are 
developed to quantify the median and aleatory variability of SaðT0Þ [2]. 
However, the problem is that the scalar spectral acceleration cannot 
fully describe the influence of ground-motion variability upon engi-
neering objects. Stafford and Bommer [3] investigated different in-
tensity measures and found that they are generally not strongly 
correlated, which indicates that knowledge of just one IM distribution is 
not sufficient to describe any of the other ground-motion characteristics. 

In addition, SaðT0Þ as IM for surface building structures, is based on 
frequency domain, linear dynamic analysis of single degree of freedom 
system. When nonlinear inelastic and/or higher mode response is ex-
pected, use of SaðT0Þ is not appropriate. Nonlinear response history 
analysis (RHA) with spectrum-matched ground motion is found to give 
un-conservatively biased estimates [4,5]. Grigoriu [6] showed that 
generally SaðT0Þ is weakly dependent with engineering demand pa-
rameters for realistic structures and fragilities defined as functions of 
SaðT0Þ have large uncertainties and of limited practical use. Further-
more, for many other engineering objects (e.g., dams, deeply embedded 
structures, etc.), it is very difficult to find a proper IM in engineering 
practices. For example, choice of IM among peak ground acceleration 
(PGA), peak ground velocity (PGV), Arias intensity (AI) and cumulative 
absolute velocity (CAV) has been contentiously argued for deformation 
analysis of dam embankment [7]. Though Vector-valued PSHA [8] was 
put forward to mitigate this issue, it is rarely performed in practices. The 
difficulty lies in fragility computation. The fragility becomes a function 
of vector IMs (e.g., a fragility surface for two IMs), which requires a large 
number of structural analyses to be quantified. Properly choosing mul-
tiple IMs is also a problem. Many times, even if proper IMs, such as AI 
and CAV, are identified, additional efforts are still needed to develop 
GMPE for these IMs and their correlation. 

An effective solution to the aforementioned problems would be to 
remove intensity measure (IM) as an intermediate proxy from risk 
calculation. With this in mind, a time domain intrusive framework for 
probabilistic seismic risk analysis is developed and described here. The 

framework is based on the progress of Fourier amplitude spectrum (FAS) 
modeling of seismic motions over last several decades [9–12]. Recent 
advances in inter-frequency correlation of FAS [13,14] and Fourier 
phase derivative modeling [15] are also taken into account. Uncertain 
motions are simulated from stochastic FAS and Fourier phase spectrum 
(FPS), and are modeled as non-stationary random process in time 
domain. With the proposed framework, engineering seismologists do not 
need to interpret/simplify ground motion into IM(s). Correspondingly, 
structural engineers do not need to compute fragility curve based on IM. 
Instead, all the important characteristics and uncertainties in seismic 
motions are captured through the random process and propagated into 
uncertain engineering system with direct ‘‘communication’’ between 
engineering seismologists and structural engineers. 

Another feature of the proposed framework is the circumvention of 
Monte Carlo (MC) simulation. MC approach is non-intrusive in the sense 
that no modifications to the underlying deterministic solver are 
required. The state of probabilistic space is characterized by large, sta-
tistically significant number of deterministic samplings of system 
random parameters. In conventional seismic risk analysis, structural 
fragility curve is developed by incremental dynamic analysis (IDA) [16]. 
IDA, though theoretically straightforward, is numerically demanding 
because of the slow convergence rate that is inherent in MC approach. 
Hundreds of structural analysis need to be performed with deterministic 
sampling of uncertain material properties and uncertain ground exci-
tations at different IM levels. The same issue of MC approach also limits 
the application of physics-based seismic waveform modeling techniques 
[17,18] into hazard/risk analysis. Millions of MC earthquake scenarios 
over regional geology have to be simulated using deterministic wave 
propagation programs, such as CyberShake [19] considering uncertain 
kinematic sources, crustal geology and site conditions. Maechling et al. 
[18] estimated that ‘‘it would require 300 million CPU-hours and well 
over 100 years to complete all the simulations needed to calculate a 
PSHA hazard curve’‘. 

To avoid non-intrusive MC simulation, Galerkin stochastic elastic- 
plastic finite element method (SEPFEM) has been developed within 
the authors’ research group over the years [20–25]. Galerkin SEPFEM is 
an intrusive approach, requiring new developments based on variational 
formulation of the underlying stochastic partial differential equations 
(SPDE). Using appropriate choice of orthogonal polynomial chaos basis, 
intrusive Galerkin SEPFEM guarantees optimal convergence rates, and is 
more efficient than non-intrusive MC approach [26,27]. Both random 
field structural parameters and random process seismic motions are 
represented by Hermite polynomial chaos (PC) [28] with correlation 
structure characterized by Karhunen-Lo�eve (KL) expansion [29]. Using 
Galerkin SEPFEM, probabilistic dynamic response of uncertain struc-
tural system driven by uncertain seismic motions is represented by un-
known PC coefficients. Deterministic linear system equations of these 
unknown temporal-spatial PC coefficients, equivalent to the original 
stochastic PDE, are derived from Galerkin projection technique in weak 
sense. Seismic risk is then computed from probabilistic dynamic struc-
tural response. 

The organization of this paper is as follows: The proposed time 
domain intrusive framework for probabilistic seismic risk analysis is 
formulated in section 2. Next, the proposed methodology is illustrated 
by a numerical example in section 3 with conclusions drawn in section 4. 

2. Time domain intrusive framework for seismic risk analysis 

The proposed framework consists of four components, as shown in 
Fig. 1: seismic source characterization (SSC), stochastic ground motion 
modeling, stochastic finite element analysis and seismic risk 
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computation. 
In the first step, SSC quantifies the uncertainty in earthquake sce-

narios so that the probabilistic scenario space λðM;R;ΘÞ for a given 
engineering site can be discretized into N mutually exclusive events as 
follows: 

λðM;R;ΘÞ¼[N
i¼1λiðMi;Ri;ΘiÞ (2)  

where λð ⋅Þ is the annual occurrence rate, M is the magnitude and R is the 
distance metric, which could be either rupture distance Rrup, hypocenter 
distance Rhyp, or Joyner-Boore distance Rjb. Θ denotes any other scenario 
metrics that are required for stochastic ground motion modeling, for 
example, style of fault, hanging wall identifier, etc. N is the total number 
of seismic scenarios considering all the active faults in the region. Basic 
relations for seismic source characterization are formulated in Section 
2.1. 

For each scenario event SiðMi; Ri;ΘiÞ, section 2.2 presents the pro-
cedure to simulate time domain uncertain motions from stochastic FAS 
and FPS using inverse Fourier transform. The simulated ground motion 
population for event Si is denoted as fΓig. 

At the third step, both uncertain motions and uncertain structural 
parameters are represented by Hermite PC-KL expansion as formulated 
in section 2.3. Two choices are provided here (1) Random process 
characterization (i.e., PC-KL expansion): is performed for each individ-
ual motion population fΓig and conduct further Galerkin stochastic FEM 
analysis for each scenario Si. (2) Seismic motion population from 
different scenarios is first combined as an ensemble population fΓg
following Equation (3): 

fΓg¼[N
i¼1fwi�Γig (3)  

with 

wi ¼
λi

PN
i¼1λi

(4)  

where [N
i¼1fwi �Γig denotes the weighted combination of population 

fΓig with weight wi defined as Equation (4). The annual occurrence rate 
of the ensemble population fΓg is λ ¼

PN
i¼1λi. The weighted combina-

tion can be performed by aggregating individual population fΓig of 
different size ni, i ¼ 1; 2;…;N such that ni is proportional to wi, i.e., wi ¼

ni=
PN

i¼1ni. Clearly, size ni for all i ¼ 1;2;…;N should be large enough to 
represent the random process motions from individual seismic scenario. 
As a result, weighted ensemble population fΓg with occurrence rate λ is 
statistically equivalent to the aggregation of motion population fΓig

from individual scenario with rate λi. Then the ensemble population fΓg

can be characterized as a single random process and single stochastic 
FEM analysis is performed with PC-represented random process mo-
tions. Compared with PC-KL representation for each individual popu-
lation fΓig, the consequence of PC-KL expansion for ensemble 
population fΓg is that larger dimension of PC is required since under-
lying random process of population fΓg is more uncertain and less 
correlated among different times. If both individual population fΓig and 
ensemble population fΓg are accurately characterized by PC-KL 
expansion and propagated into uncertain structure through SFEM, 
EDP hazard can be calculated by either Equation (5) or Equation (6): 

λðEDP> zÞ¼
XN

i¼1
λiðMi;Ri;ΘiÞPðEDP> zjΓiÞ (5)  

λðEDP> zÞ¼ λPðEDP> zjΓÞ (6)  

where PiðEDP> zjΓiÞ is the failure probability conditioned on individual 
population fΓig and PðEDP> zjΓÞ is the failure probability conditioned 
on ensemble population fΓg. Both Equation (5) and Equation (6) give 
consistent result for EDP hazard. The difference is that by using Equation 
(5), many more less expensive SFEM analyses are performed while using 
Equation (6) requires a single, yet more expensive SFEM analysis. When 
the number of scenarios N is small, it is practical to perform stochastic 
FEM analysis for each scenario and compute EDP hazard by Equation 
(5). The advantage is that controlling scenario can be identified through 
EDP hazard de-aggregation. However, when there are many seismic 
scenarios, quantifying ensemble population as a single random process 
through PC-KL expansion and performing single stochastic FEM analysis 
can be computationally more efficient. 

2.1. Seismic source characterization 

Seismic source characterization (SSC) and earthquake rupture fore-
cast (ERF) are complex scientific issues. Earthquake occurrence rate 
tends to be comprehensively evaluated by multiple approaches, for 
example, using historical seismicity, geological information (e.g., long 
term slip rates and paleoseismic recurrence intervals) and geodetic in-
formation [30]. Assuming Poisson process of earthquake occurrence, 
annual occurrence rate λf of earthquakes on a fault can be estimated 
based on seismic moment balance [31]: 

λf ¼
μAS

RMmax
0 EðMÞf ðMÞ dM

(7)  

where S is annual slip rate, μ is shear modulus of crust and A is fault 
area, fðMÞ is the probabilistic model of magnitude distribution, which 

Fig. 1. Time domain intrusive framework for seismic risk analysis.  
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could be truncated exponential model, Young’s and Coppersmith char-
acteristic model [32], truncated Gaussian model, etc. The seismic 
moment of earthquake, EðMÞ with magnitude M is given as: 

EðMÞ¼ 101:5Mþ16:05 (8) 

In engineering practices, only earthquakes greater than certain 
magnitude Mmin are considered, whose annual occurrence rate λf is: 

λf
¼ λf

Z Mmax

Mmin

f ðMÞdM (9) 

Using probabilistic models of rupture area conditioned on magnitude 
fðAjMÞ, rupture width conditioned on rupture area fðWjAÞ [33], rupture 
location along strike (AS) fðYÞ and down-dip (DD) fðZÞ, distance metric 
R and other scenario metrics Θ, for example, depth to the top of rupture 
plane Ztor, can be geometrically characterized as gðR;ΘjMÞ for a given 
engineering site [34]. The discretized mutually exclusive scenarios 
λiðMi;Ri;ΘiÞ in Equation (2) is then quantified as: 

λiðMi;Ri;ΘiÞ¼
Xm

j¼1
λj

f
Z

Λi

fjðMÞgjðR;ΘjMÞ dM dR dΘ (10)  

where m is the total number of active faults, subscript j denotes the 
probabilistic models and quantities specific to the jth fault, Λi is the in-
tegral domain for the ith discretized scenario with magnitude step ΔM, 
distance step ΔR and ΔΘ for any other scenario metrics Θ if required: 

Λi¼

�

Mi �
ΔM

2
;Mi þ

ΔM
2

�

�

�

Ri �
ΔR
2
;Ri þ

ΔR
2

�

�
h
Θi �

ΔΘ
2
;Θiþ

ΔΘ
2

i

(11) 

Many PSHA programs could perform SSC, e.g., HAZ45 [34]. It is 
noted that presented above are fundamental relations for seismic char-
acterization of fault sources. For regions with unknown fault locations or 
having background seismicity, areal source should also be considered 
and characterized. See Refs. [35,36] for more details on seismic source 
characterization of areal source. Epistemic uncertainties in slip rate, 
magnitude distribution models and other parameters, which are typi-
cally considered with logic tree approach [37], are not considered here 
for simplicity. In addition, for some sites, authoritative estimates of 
magnitude, location and rate of earthquake ruptures could be deter-
mined from established regional earthquake rupture forecast (ERF) 
models, for example, UCERF3 [30] for California region. 

2.2. Time domain stochastic ground motion modeling 

Time domain uncertain motions can be simulated from stochastic 
FAS and Fourier phase derivative [11,38]. Specifically, uncertain FAS of 
seismic motions is modeled as Log-normal distributed random field [13, 
39] in frequency space, whose marginal median behavior is simulated 
by the stochastic method of Boore [11]. It is referred to as Boore03 
approach hereafter. Boore03 approach simulates FAS using w2 radiated 
source spectrum [9] with modification for path and site effects, as shown 
in Equation (12): 

FASðf Þ¼A0ðM0; f ÞZðRÞexpð� πfR =QβÞSðf Þexpð� πκ0f Þ (12)  

where M0 is the seismic moment; β is the source shear wave velocity; 
ZðRÞ and expð� πfR =QβÞ represent the contribution from path effects: 
ZðRÞ is the geometrical spreading term as a function of distance R. Term 
expð� πfR =QβÞ quantifies the anelastic attenuation as the inverse of the 
regional quality factor, Q. The site effects including site amplification 
through crustal velocity gradient and near surface attenuation are 
demonstrated by SðfÞ and κ0 filter expð � πκ0fÞ, respectively. Term A0 
represents the radiated acceleration source spectrum, which could be 
characterized by single-corner-frequency model: 

A0ðM0; f Þ¼CM0

"
ð2πf Þ2

1þ ðf=f0Þ
2

#

(13)  

where f0 is the corner frequency, which in Brune’s model [9] is related to 
source stress drop Δσ as follows: 

f0¼ 4:9� 106βðΔσ=M0Þ
1=3 (14) 

Boore03 approach is well-recognized for its simplicity and effec-
tiveness to capture the marginal mean behavior of stochastic FAS. 
Bayless and Abrahamson [61] pointed out that the inter-frequency 
correlation structure of FAS random field is also important for seismic 
risk analysis. Misrepresenting-representing the correlation structure, e. 
g., assuming inter-frequency independence, would lead to underesti-
mation of seismic risk. Therefore, inter-frequency correlation model for 
stochastic FAS developed recently [13,14] is adopted here. 

Though the behavior of FAS was well studied, modeling Fourier 
phase angles is still challenging. Conventionally random phase info is 
simulated using stationary Gaussian white noise modulated by an en-
velope function. However, Montaldo et al. [40] stated that conventional 
Gaussian white noise approach could not reliably reproduce the 
non-stationarity of ground motions. For this reason, the use of phase 
difference ΔΦ was suggested by Ref. [41]. Using California strong 
ground motion data, Thr�ainsson and Kiremidjian [42] modeled phase 
differences as Beta distribution. However, the established phase differ-
ence models are affected by the signal length of each record. It is more 
stable to normalize phase difference by signal length and study the 
probabilistic model of phase derivative _Φ defined as [38]: 

_Φ¼
ΔΦ
Δf

(15) 

Based on 3551 ground motion records from PEER NGA-West 1 
database, Baglio [15] found that the distribution of phase derivative is 
leptokurtic and fits well to Logistic model: 

f ð _Φ; μ; σÞ¼ 1
4σ sech2

� _Φ � u
2σ

�
(16)  

where μ and σ are the mean and scale parameter of the Logistic distri-
bution fð _Φ; μ; σÞ, sechð ⋅Þ is the hyperbolic secant function. Following 
[15], the mean value μ is a fixed parameter to position the distribution 
along the signal length. For example, setting mean parameter μ equal to 
π=df would align the peak of uncertain seismic motions to the center of 
simulated signal length. The prediction equation of scale parameter σ is 
correlated to earthquake magnitude M, rupture distance Rrup, Vs30 and 
directivity index DDir ¼ Rhyp � Rrup with coefficients α1, α2, β1 � β4, γ1 
and γ2 determined from maximum likelihood estimation: 

logðσ = πÞ¼α1 þ α2log
�
β1þ 10β2M þ β3Rrup þ β4logðVs30Þþ γ1þ γ2DDir

�

(17) 

Phase derivatives _ΦðfÞ among frequency coordinates is modeled as 
Logistic distributed random field following exponential correlation with 
correlation length lf ¼ 0:05Hz: 

Covð _Φðf1Þ; _Φðf2ÞÞ¼ e�
jf1 � f2 j

lf (18) 

The methodology of time domain stochastic ground motion 
modeling is summarized below:  

1. Compute marginal median of Log-normal distributed random field 
FASðfÞ following Boore03 approach.  

2. Generate realizations of Log-normal distributed random field FASðfÞ
according to the marginal estimation in step 1 and inter-frequency 
correlation model by Bayless and Abra- hamson [14]. 
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3. Determine the scale parameter σ of marginal Logistic model for 
phase derivative random field with Equation (17). Set mean value μ 
to π=df for central peak [15].  

4. Generate realizations of Logistic distributed random field _ΦðfÞ with 
marginal distribution from step 3 and exponential correlation 
structure. 

5. Multiply realization of phase derivative in step 4 by frequency in-
terval df to get realizations of phase difference ΔΦðfÞ. Compute re-
alizations of phase angles from ΔΦðfÞ. First phase angle can be 
randomly set and would not affect the synthesis.  

6. Inverse fourier transformation to time domain with realizations of 
FAS and FPS. 

Time domain stochastic ground motion for a single scenario with 
magnitude M ¼ 7, distance Rrup ¼ 15km has been simulated following 
the above methodology. The detailed modeling parameters for source, 
path and site effects of this scenario are given in Table 1. The marginal 
median FAS is computed using program SMSIM developed by Ref. [44]. 
With reference to recent GMPE studies of FAS [39,45], marginal 
lognormal standard deviation of FAS has been adopted as total σ ¼ 0:8 ln 
units. The maximum modeling frequency fmax is 20Hz. It is noted that 
ergodic assumption was used in developing these GMPEs of FAS. A 
smaller value of marginal standard deviation can be used for 
non-ergodic probabilistic seismic risk analysis if additional source, path 
or site specific information is available. 

Combining stochastic FAS with uncertain Fourier phase info, 500 
realizations of time domain stochastic motions are synthesized. Fig. 2 
shows three different synthesized accelerations. Large variability is 
observed, for example, peak ground acceleration could vary from 1.8m=
s2 to 5.5m=s2. 

Spectral acceleration (Sa) of 500 synthesized realizations are calcu-
lated and compared with weighted average prediction of five NGA West- 
2 GMPEs [2] with weights 0.22 for ASK14, 0.22 for BSSA14, 0.22 for 
CB14, 0.22 for CY14 and 0.12 for I14. From Fig. 3(a), median spectral 
acceleration Sa from simulated stochastic ground motion is in very good 
agreement with GMPE predictions for all period ordinates. No system-
atic bias is observed. Fig. 3(b) shows that the standard deviation of 
simulated response spectra is around 0.65 ln units, which is consistent 
with aleatory variability of Sa given by GMPEs. In other words, time 
domain stochastic ground motions simulated with aforementioned 
methodology could not only characterize the median behavior of Sa very 
well, but also carry desired amount of uncertainty that is consistent with 
empirical GMPEs. 

The marginal distribution of simulated accelerations at all the time 
instances is observed to be Gaussian. Similar observation is also made by 
Ref. [24] from statistical analysis of seismic records. Therefore, time 
domain stochastic ground motions is modeled as a Gaussian distributed 
non-stationary random process. The random process would be repre-
sented with Hermite polynomial chaos as formulated in the next section. 

It is worthwhile to mention that the random process incorporates 
much more information about uncertain ground motions than GMPE 
used in conventional PBEE. GMPE only quantifies the variability of 
selected IM, such as Sa, while the random process carries not only 
consistent variability of Sa but also any other important characteristics, 
e.g., PGA, CAV, etc. Realistic inter-frequency correlation of FAS [14] is 
captured. Non-stationarity of seismic motions is quantified through 
phase derivative modeling without using any modulation function. 
Compared with existing ground motion modeling techniques commonly 
adopted by reliability community, e.g., evolutionary power spectrum 
and white noise random phase spectrum, presented methodology is 
directly compatible with state-of-the-art seismic source characteriza-
tion. It could explicitly account for specific source, path and site con-
dition in both stochastic modeling of FAS and FPS. Many reliability 
analysis methods, such as probabilistic density evolution method [46] 
can be readily combined with the presented methodology and incor-
porated into the proposed risk analysis framework for PBEE. 

2.3. Hermite polynomial chaos Karhunen-Lo�eve expansion 

This section formulates Hermite polynomial chaos Karhunen-Lo�eve 
(PC-KL) expansion for general heterogeneous random field Dðx; θÞ of 
arbitrary marginal distribution. Both uncertain motions and uncertain 
structure parameters can be represented with PC-KL expansion. To 
achieve this, we first represent heterogeneous random field Dðx; θÞ of 
arbitrary marginal distribution through Hermite polynomial chaos of 
underlying Gaussian heterogeneous random field γðx; θÞ up to order P 
[24,28]: 

Dðx; θÞ¼
XP

i¼0
DiðxÞΩiðγðx; θÞÞ (19)  

where θ denotes the uncertainties. Functions 
fΩig ¼ f1; γ; γ2 � 1; γ3 � 3γ;…g are orthogonal, zero mean (i � 1) Her-
mite PC bases constructed from zero mean, unit variance kernel 
Gaussian random field γðx;θÞ. Then at the second step, Gaussian random 
field γðx; θÞ can be further decomposed by Karhunen-Lo�eve (KL) theorem 
[29]. 

The deterministic PC coefficient field DiðxÞ can be calculated through 
marginal distribution of Dðx; θÞ, as shown in Equation (20), where n
braket⋅ is the expectation operator. 

Di¼
〈DΩ〉i

〈Ω〉2
i

(20) 

The covariance structure of the original random field CovDðx1; x2Þ is 
mapped to the Gaussian covariance kernel Covγðx1; x2Þ as: 

CovDðx1; x2Þ¼
XP

i¼1
Diðx1Þ Diðx2Þ i ! Covγðx1; x2Þ (21) 

The Gaussian covariance kernel Covγðx1; x2Þ can be eigen- 
decomposed into probabilistic spaces up to dimension M, according to 
Karhunen-Lo�eve (KL) theorem [29]: 

γðx; θÞ¼
XM

i¼1

ffiffiffiffi
λi

p
fiðxÞξiðθÞ (22)  

where fξiðθÞg are the multidimensional, orthogonal, zero mean and unit 
variance Gaussian random variables, and λi and fiðxÞ are the eigen- 
values and eigen-vectors of the covariance kernel Covγðx1; x2Þ that 

Table 1 
Source, path and site parameters for stochastic ground motion modeling of 
seismic scenario M ¼ 7, Rrup ¼ 15km.  

Parameter 
type 

Name Value 

Source Magnitude M ¼ 7 
Source density ρs ¼ 2:8g=cm3  

Source velocity β ¼ 3:6km=s  

w2 source spectrum  Single corner frequency with Δσ ¼ 8:0MPa  

Fault type Reverse fault Frv ¼ 1  
Dip angle 45∘  

Path Distance metrics Rrup ¼ 15km, Rhyp ¼ 18km Rjb ¼ 12km, 
Rx ¼ � 12km  

Finite faults effects Equivalent point source model [12] with 
RPS ¼ 22:18km  

Geometrical 
spreading 

Hinged line segments model [43] 

Anelastic 
attenuation Q 

Three line segments model by [11] 

Site Site amplification Vs30 ¼ 620m=s Table 4 of [12]  
κ0 attenuation  κ0 ¼ 0:03s   
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satisfy Fredholm’s integral equation of the second kind [28]. 
Combining Equations (19) and (22), the resultant PC-KL represen-

tation of general random field Dðx; θÞ is obtained as, 

Dðx; θÞ ¼
XK

i¼0
diðxÞΨi

� �
ξjðθÞ

��
(23)  

where fΨig are multi-dimensional orthogonal Hermite PC bases of order 
P constructed from M dimensional probabilistic space (i.e., {ξjðθÞ}, j ¼
1;2;…;M). The total number of multidimensional Hermite PC bases K is 
related to order P and dimension M as K ¼ 1þ

PP
s¼1

1
s!
Qs� 1

j¼0 ðM þ jÞ. 
By equating two representations of Dðx; θÞ in Equations (19) and 

(23), the coefficients of multi-dimensional Hermite PC are derived as: 

diðxÞ¼
p!

〈Ψ〉2
i

DpðxÞ
Yp

j¼1

ffiffiffiffiffiffiffiffi
λkðjÞ

p
fkðjÞðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PM

m¼1

� ffiffiffiffiffi
λm
p

fmðxÞ
�2

r (24)  

where p is the order of the polynomial Ψi. From Equation (23), PC 
synthesized marginal mean and variance of the original heterogeneous 
random field can be calculated as: 

〈Dðx; θÞ〉¼ d0ðxÞ (25)  

VarðDðx; θÞÞ ¼
XK

i¼1
d2

i ðxÞ〈Ψ2
i 〉 (26) 

PC-synthesized correlation structure can also be computed as: 

CovDðx1; x2Þ¼

PK
i¼1diðx1Þdiðx2Þ〈Ψ2

i 〉
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðDðx1ÞÞVarðDðx2ÞÞ

p (27) 

Equations (25)–(27) can be used to compare the PC-synthesized 
statistics with statistics of original random field Dðx; θÞ and check the 
goodness of PC-KL expansion. 

2.4. Galerkin stochastic finite element method 

Stochastic Galerkin approach intrusively solves the stochastic partial 
differential equations (PDE) with optimal convergence [22,24]. 
Compared to deterministic finite element method (FEM), Galerkin sto-
chastic FEM introduces spectral discretization of probabilistic domain in 
addition to the spatial and temporal discretization. Using standard 
spatial FEM discretization, unknown displacement random field uðx; t; θÞ
can be expressed with shape function NiðxÞ and uncertain displacement 
uiðt; θÞ at nodes: 

uðx; t; θÞ ¼
XN

i¼1
NiðxÞuiðt; θÞ (28) 

Uncertain displacement at nodes uiðt; θÞ, can be further represented 
with aforementioned multidimensional Hermite PC basis φjðfξrðθÞgÞ of 
dimension Mu, order Pu: 

uiðt; θÞ ¼
XKu

j¼0
uijðtÞφjðfξrðθÞgÞ (29) 

Combining Equations (28) and (29), spatial-probabilistic discretized 
expression of uðx; t; θÞ is given: 

uðx; t; θÞ ¼
XN

i¼1

XKu

j¼0
NiðxÞuijðtÞφjðfξrðθÞgÞ (30) 

Galerkin weak formulation of stochastic partial differential equa-
tions of motion can then be written in the following form: 

X

e

2

4
Z

De

NmðxÞρðxÞNnðxÞd V €unðt; θÞ þ (31)  

þ

Z

De

BmðxÞEðx; θÞBnðxÞd V unðt; θÞ � fmðt; θÞ

3

5 ¼ 0  

where 
P

e 
denotes the assembly procedure over all finite elements, while 

Fig. 2. Realizations of uncertain acceleration time series population.  

Fig. 3. Verification of simulated stochastic motions: (a) Check median spectral acceleration Sa with NGA West-2 GMPE (b) Check aleatory variability of simulation 
spectral acceleration Sa. 
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ρðxÞ is deterministic material density field. The shape function gradient 
function BnðxÞ is given as: 

BnðxÞ¼rNnðxÞ (32) 

In Equation (31), Eðx; θÞ is uncertain tangential stiffness matrix, 
while fmðt; θÞ is uncertain global force vector that incorporates various 
elemental contributions. 

Expansion of uncertain stiffness matrix Eðx; θÞ, and uncertain force 
vector fmðt; θÞ into Hermite PC bases ΨkðfξrðθÞgÞ and ψ lðfξrðθÞgÞ of 
dimension ME, order PE and dimension Mf , order Pf , respectively, yields: 

Eðx; θÞ ¼
XKE

k¼0
EkðxÞΨkðfξrðθÞgÞ (33)  

fmðt; θÞ¼
XKf

l¼0
fmlðtÞψlðfξrðθÞgÞ (34) 

By combining equations (29), (33) and (34) and equation (31), one 
obtains:   

By performing Galerkin projection of Equation (35) onto PC bases 
φiðfξrðθÞgÞ, to minimize the residual, system of deterministic ordinary 
differential equations (ODE) involving temporal derivative of unknown 
PC coefficients unj, is developed: 

Mminj €unjþKminjunj ¼ Fmi (36)  

where mass tensor/matrix Mminj is given by equation (37): 

Mminj¼
X

e

Z

De

NmðxÞρðxÞNnðxÞd V 〈φiφj〉 (37)  

stochastic stiffness tensor/matrix Kminj is given by equation (38): 

Kminj ¼
XKE

k¼0

X

e

Z

De

BmðxÞEkðxÞBnðxÞd V 〈Ψkφiφj〉 (38)  

and stochastic force tensor/vector Fmi is given by equation (39) 

Fmi ¼
XKf

l¼0
fml〈ψlφi〉 (39) 

In Equations (37)–(39), terms 〈φiφj〉, 〈ψ lφi〉 and 〈Ψkφiφj〉 are the 
ensemble average tensors of double-product and tri-product of different 
PC bases. These ensemble average tensors could be pre-computed and 
used to construct the stochastic mass matrix Mminj and stochastic stiffness 
matrix Kminj. It is noted that Einstein’s notation for tensor indices sum-
mation is assumed throughout [47]. 

The deterministic system of ordinary differential equations (ODE) 
from Equation (36), can be integrated in time using dynamic integrator 
algorithms, for example Newmark method [48], or 
Hilber-Hughes-Taylor α-method [49]. Result of such time marching 
solution will be time histories of displacement PC coefficients unj. Those 

time evolving displacement PC coefficients unj can then be used to 
develop complete probabilistic dynamic finite element response. With 
resulting complete probabilistic dynamic finite element response, any 
damage measure, in fact all damage measures related to EDP(s) can be 
applied to trace the failure probability PiðEDP> zjΓiÞ or PðEDP> zjΓÞ. 
EDP hazard can then be computed according to Equations (5) and (6). 

The above formulation of Galerkin stochastic FEM is complete for 
linear elastic problem with constant uncertain elastic stiffness matrix 
Eðx; θÞ. For nonlinear, inelastic problems, additional formulation of 
stochastic elastic-plastic FEM (SEPFEM) is required and relies on recent 
developments [20–23,50–52]. One of the challenges of the SEPFEM lies 
in the development of the probabilistic elastic-plastic stiffness at the 
constitutive level that is to be used for finite element level computations. 
Eulerian-Lagrangian form of the Fokker-Planck-Kolmogorov (FPK) 
equation has been successfully used to obtain probabilistic stress solu-
tions [20–22]. It is noted in order to produce uncertain stiffness, least 
square optimization and linearizion techniques [22,23] are used. 

To this end, in one dimension (1D), elastic plastic material model 
with vanishing elastic region is used in conjunction with Armstrong- 

Fredrick nonlinear kinematic hardening [53,54]. This approach sim-
plifies modeling, as elastic plastic response directly follows 
Armstrong-Frederick nonlinear equation. For the approach proposed 
here, probabilistic nonlinear response between inter-story restoring 
force FR and inter-story drift η is formulated through direct PC-based 
Galerkin intrusive probabilistic modeling of Armstrong-Fredrick hys-
teretic behavior. 

In incremental form, Armstrong-Fredrick kinematic hardening rela-
tion [53] between inter-story restoring force FR and inter-story drift η 
can be written as: 

dFR¼Ha dη � CrFRjdηj (40)  

where Ha and Cr are model parameters. By setting dFR ¼ 0, the ultimate 
inter-story restoring force becomes FR

max ¼ Ha=Cr. The tangential stiff-
ness EðFRÞ is a function of restoring force FR: 

E
�
FR�¼

dFR

dη ¼Ha � CrFR sgnðdηÞ (41)  

where sgnð ⋅Þ is the sign function. Equation (41) can be written as: 

E
�
FR�¼Ha � CrFR (42)  

where þ sign is taken for negative inter-story drift dη and � sign is taken 
for positive inter-story drift dη. In the general probabilistic setting, 
model parameters Ha and Cr can be uncertain and modeled as random 
fields Haðx; θÞ and Crðx; θÞ. By applying PC expansion with Hermite PC 
bases ϕiðfξrðθÞgÞ to those two model parameters, the following equa-
tions are obtained: 

Haðx; θÞ ¼
XP

i¼0
HaiðxÞϕiðfξrðθÞgÞ (43)  

P

e

"
R

De

Nm

0

@x

1

Aρ

0

@x

1

ANn

0

@x

1

Ad V
XKu

j¼0
€unjφj

0

@fξrðθÞg

1

A �
XKf

l¼0
fmlψl

0

@fξrðθÞg

1

A

þ
R

De

Bm

0

@x

1

A
XKE

k¼0
Ek

0

@x

1

AΨk

0

@fξrðθÞg

1

ABn

0

@x

1

Ad V
XKu

j¼0
unjφj

0

@fξrðθÞg

1

A

3

5 ¼ 0

(35)   
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Crðx; θÞ¼
XP

i¼0
CriðxÞϕiðfξrðθÞgÞ (44) 

The inter-story drift increments dηðx;θÞ, that represent input to the to 
constitutive driver (Equation (40)) are also uncertain due to the prob-
abilistic structural response uðx; t;θÞ: 

dηðx; θÞ ¼
XP

i¼0
dηiðxÞϕiðfξrðθÞgÞ (45) 

As a result, probabilistic incremental restoring force dFRðx; θÞ and 
probabilistic tangential stiffness Eðx; θÞ are then: 

dFRðx; θÞ ¼
XP

i¼0
dFR

i ðxÞϕiðfξrðθÞgÞ (46)  

Eðx; θÞ ¼
XP

i¼0
EiðxÞϕiðfξrðθÞgÞ (47) 

Substituting Equation (43) � 47 into Equations (40) and (42) and 
applying Galerkin projection on PC basis ϕifξrðθÞg yields: 

XP

m¼0
dFR

m〈ϕmϕi〉¼
XP

j¼0

XP

k¼0
Hajdηk〈ϕjϕkϕi〉�

XP

l¼0

XP

n¼0

XP

s¼0
CrlFR

n dηs〈ϕlϕnϕsϕi〉

(48)  

XP

i¼0
Em〈ϕmϕi〉¼

XP

j¼0
Haj〈ϕjϕi〉�

XP

l¼0

XP

n¼0
CrlFR

n 〈ϕlϕnϕi〉 (49) 

By using the orthogonality of Hermite PC bases 〈ϕiϕj〉 ¼ 0 for i 6¼ j, 
solutions to the unknown PC coefficients of incremental inter-story force 
dFRðx; θÞ and inter-story stiffness Eðx; θÞ can be written as: 

dFR
i ¼

1
Var½ϕi�

�
Hajdηk〈ϕjϕkϕi〉�CrlFR

n dηs〈ϕlϕnϕsϕi〉
�

(50)  

Ei ¼Hai �
1

Var½ϕi�
CrlFR

n 〈ϕlϕnϕi〉 (51)  

where 〈 ⋅〉 is the expectation operator. Var½ϕi� is the scalar variance of PC 
basis ϕifξrðθÞg, which equals to 〈ϕ2

i 〉. It is noted that in the above 
equations, Einstein’s tensor summation notation is used with index i as a 
free index. Terms 〈ϕjϕkϕi〉, 〈ϕlϕnϕi〉 and 〈ϕlϕnϕsϕi〉 are the expectation 
of triple and quadruple product of PC basis ϕifξrðθÞg. 

The above 1D formulation for SEPFEM is implemented in the context 
of explicit, forward Euler algorithm, The expanded stiffness matrix Kminj 

is constructed using stiffness PC coefficients ðnÞEi at step n following 

Equation (38). Displacement PC coefficients ðnþ1Þunj of step nþ 1 are 

then solved by applying force vector ðnþ1ÞFmi and using stiffness matrix 
Kminj within Equation (36). Following that, incremental inter-story drift 
PC coefficients ðnþ1Þdηi are calculated from displacement response 
ðnþ1Þunj and incremental uncertain restoring force ðnþ1ÞdF

R
i can be 

quantified as: 

ðnþ1ÞdF
R
i ¼

1
Var½ϕi�

�
Haj
ðnþ1Þdηk〈ϕjϕkϕi〉�Crl

ðnÞFR
n
ðnþ1Þdηs〈ϕlϕnϕsϕi〉

�
(52) 

Updating the restoring force ðnþ1ÞFR
i is then: 

ðnþ1ÞFR
i ¼

ðnÞFR
i þ

ðnþ1ÞdF
R
i (53)  

while new stiffness PC coefficients ðnþ1ÞEi at step nþ 1 are then: 

ðnþ1ÞEi ¼ Hai �
1

Var½ϕi�
Crl
ðnþ1ÞFR

n 〈ϕlϕnϕi〉 (54)  

3. Illustrative example 

To illustrate the proposed framework, seismic risk of a typical eight 
story shear frame structure that has been studied by many researchers 
[46,55–57], is developed. The frame structure is shown in Fig. 4. 

The hysteretic restoring force versus inter-story drift behavior is 
described by Armstrong-Fredrick model presented in section 2.4. Ma-
terial parameter Ha of Armstrong-Fredrick model is assumed to be 
Gaussian distributed random field with 15% coefficient of variation. 
Means of material parameter Ha are given for different floors as: Ha1 �

Ha2 1:59� 107N=m, Ha3 � Ha6 1:66� 107N=m and Ha7 � Ha8 1:76�
107N=m. The correlation structure of parameter Ha is assumed to be 
exponential between different floors, with correlation length of lc ¼ 10 
floors. Material parameter Cr is assumed to be Cr ¼ 17:6 1/m. The 
resultant mean hysteretic behavior of first floor is also shown in Fig. 4. 
Floor masses are assumed to be deterministic. Rayleigh damping C ¼
αM þ βK is used with parameters α and β chosen to be α ¼ 0:22 Hz and 
β ¼ 0:008s. Other structure modeling parameters are given in Table 2. 
Those parameters are determined from Ref. [46]. Parameters Ha and Cr 
are calibrated to match the hysteretic behavior shown in Ref. [46]. 

Fig. 4. Eight-story shear frame structure with uncertain floor stiffness under non-stationary seismic motions.  

Table 2 
Parameters of the eight-story shear frame structure.  

h0½m� h½m� m1em2½kg� m3em4½kg� m5em6½kg� m7em8½kg�

4 3 2� 105  2.2� 105  2.4 � 105  2.5 � 105   

H. Wang et al.                                                                                                                                                                                                                                   



Soil Dynamics and Earthquake Engineering 136 (2020) 106201

9

3.1. Seismic source characterization 

The structure is located at coordinate (10km, 40km), 50km away 
from a strike slip fault with 90∘ dip angle, as shown in Fig. 5. 

The fault length is 250km with annual slip rate of 20mm= yr. Detailed 

geometry and model parameters for SSC of the strike slip fault are given 
in Table 3. 

Mean characteristic magnitude of the fault M is 7.6, and is related to 
fault area A [33] as. 

M¼ logðAÞ þ 4 (55) 

Only earthquakes with magnitude greater than 5 (i.e. Mmin ¼ 5) are 
considered. Following the procedure of SSC in section 2.1, annual rate of 
earthquakes occurring on the fault is λ ¼ 0:0067/yr. Probabilistic sce-
nario space λðM;R; θÞ is discretized into four mutually exclusive scenario 
events SiðMi;Ri;ΘiÞ as shown in Table 4. The computation is performed 
with probabilistic seismic hazard analysis program HAZ45 [34] using 
0.2 for magnitude step ΔM and 2km for distance step ΔR. 

3.2. Time domain stochastic ground motion modeling and representation 

For each characterized seismic scenario SiðMi;Ri;ΘiÞ, 500 realizations 
fΓig of time domain uncertain motions are simulated using methodology 
described in section 2.2. Fig. 6 shows the first 200 realizations of 
simulated motions for earthquake scenario 1 with M ¼ 7:3, Rrup ¼

56km. 
In this study, ground motion populations from four different sce-

narios are combined into a single population Γ using Equation (3) and 
modeled as a non-stationary random process. The random process is 
represented by multi-dimensional Hermite polynomial chaos (PC) 
following the technique formulated in section 2.3. Since marginal dis-
tribution of the random process is observed to be Gaussian (section 2.2), 
theoretically, PC representation with order 1 is sufficient. The dimension 
of PC basis needs to be carefully chosen to reconstruct the correlation 
structure of the original random process. To ensure the accuracy of PC- 
KL representation, following error measurements are defined and 
evaluated:  

� The absolute error on marginal mean of the random process: 

εm¼
1
Nt

XNt

k¼1
jμðtkÞ � bμðtkÞj (56)    

� The absolute error on marginal standard deviation of the random 
process: 

εstd ¼
1
Nt

XNt

k¼1
jσðtkÞ � bσðtkÞj (57)   

Fig. 5. Seismic risk analysis of an eight-story shear frame structure (red tri-
angle) with uncertain stiffness K subjected to earthquakes from a strike slip 
fault (black line). (For interpretation of the references to colour in this figure 
legend, the reader is referred to the Web version of this article.) 

Table 3 
Parameters for seismic source characterization (SSC) of the strike slip fault.  

Parameter Value 

Fault length 250km 
Fault width 15km 
Dip angle 90∘  

Slip rate S  20mm/yr 
Style of faulting Strike slip 
fðMÞ Truncated normal with σ ¼ 0.2 nσmax ¼ 2 [34]  
fðAjMÞ Delta function at logðAÞ ¼ M � 4  
fðWjAÞ Delta function at W ¼

ffiffiffiffiffiffiffiffiffiffi
1:5A
p

, limited to fault width  
fðYÞ Uniform distribution 
fðZÞ Uniform distribution  

Table 4 
Seismic scenarios for the strike slip fault.  

Scenario ID M Rrup [km]  Annual rate λðM;RrupÞ

1 7.3 56 9.54� 10� 4  

2 7.5 56 2.40� 10� 3  

3 7.7 56 2.40� 10� 3  

4 7.9 56 9.54� 10� 4   

Fig. 6. Realizations of uncertain seismic motions for scenario M ¼ 7:3, Rrup ¼

56km. 

Table 5 
Error in probabilistic characterization of non-stationary acceleration and 
displacement random process using PC-KL expansion with different dimensions.  

Dimension of PC Dim. 20 Dim. 70 Dim. 150 Dim. 300 

Displacement mean error εm  8.63�
10� 9  

8.63�
10� 9  

8.63�
10� 9  

8.63�
10� 9  

Displacement S.D. error εstd  1.28�
10� 7  

1.28�
10� 7  

1.28�
10� 7  

1.28�
10� 7  

Displacement correlation 
error εcorr  

0.059 2.26�
10� 4  

8.27�
10� 6  

3.06�
10� 7  

Acceleration mean error εm  9.84�
10� 9  

9.84�
10� 9  

9.84�
10� 9  

9.84�
10� 9  

Acceleration S.D. error εstd  1.23�
10� 7  

1.23�
10� 7  

1.23�
10� 7  

1.23�
10� 7  

Acceleration correlation 
error εcorr  

0.185 0.091 0.053 0.028  
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� The absolute error on correlation of the random process: 

εcorr ¼
1

N2
t

XNt

k¼1

XNt

l¼1
jCovðtk; tlÞ � dCovðtk; tlÞj (58)  

where μðtkÞ, σðtkÞ and Covðtk; tlÞ are the marginal mean, marginal stan-
dard deviation and correlation field of simulated ground motion popu-
lation Γ. Terms bμðtkÞ, bσðtkÞ and dCovðtk; tlÞ are statistics calculated from 
PC representation of the random process from Equations (25)–(27). 
Term tk denotes the kth time instance and Nt is the total number of time 
instances. 

Hermite PC bases of order 1, dimension 20, 70, 150 and 300 are 
examined for PC-KL expansion of random process motions. The errors 
for different PC bases are given in Table 5. 

It can be observed that in all the four cases marginal behavior of the 
random process motions is well captured with very small magnitudes of 
errors εm and εstd. As shown in Fig. 7, synthesized marginal mean and 
marginal standard deviation from PC representation match very well 
with statistics of simulated motions. 

As the dimension of PC increases, the relative error of correlation 
structure decreases while the computational cost in stochastic FEM in-
creases. It is noted that PC dimension 70 is already adequate to capture 
the relatively smooth random displacement correlation field. However, 
acceleration correlation field synthesized from PC dimension 70 is 
overestimated among many time steps. PC dimension 150 and 300 
approximate acceleration correlation structure much better. Eventually, 
considering both accuracy and efficiency, Hermite PC of order 1, 
dimension 150 is used to spectrally discretize the random process 

Fig. 7. Comparison between PC-synthesized (black line) marginal mean and marginal standard deviation (SD) and statistics of simulated ground motion realizations 
(red line). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 8. Verification of PC synthesized acceleration and displacement correlation field with PC dimension 150.  
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seismic motions in stochastic FEM analysis. The comparison between the 
exact correlation structure and the PC synthesized correlation structure 
is shown in Fig. 8. 

3.3. Stochastic Galerkin FEM analysis and seismic risk 

In order to perform stochastic Galerkin FEM analysis, it is also 
necessary to characterize the randomness of stiffness of the structural 
system. In order to do that, Hermite PCs of dimension 2, 4 and 6 is used 
for capturing the exponential correlation structure of random field 
parameter Haðx;θÞ. It can be observed from Fig. 9 that PC dimension 4 

can reasonably well reconstruct the correlation of Haðx;θÞ. 
With PC characterized structural parameters, the probabilistic hys-

teretic behavior of restoring force versus inter-story drift can be intru-
sively modeled following the stochastic Galerkin technique formulated 
in section 2.4. Fig. 10 shows the probabilistic response of restoring force 
of the first floor under cyclic loading. 

Verification of developed constitutive modeling is performed using 
10,000 Monte Carlo simulations and shown in Fig. 10 as well. It can be 
seen that PC-based intrusive probabilistic hysteresis modeling produces 
almost the same response as Monte Carlo simulations. It is noted that 
intrusive probabilistic approach is approximately 2000 times faster than 
corresponding Monte Carlo modeling. 

With both uncertain seismic motions (dimension 150) and uncertain 
structural parameters (dimension 4) represented by Hermite PCs, 
probabilistic structural displacement is described in 154 dimensional 
probabilistic space of Hermite PCs. The unknown time varying PC co-
efficients, that contain all the information about the probabilistic evo-
lution of structural response, are intrusively solved using developed 
Galerkin SEPFEM (section 2.4). With these solved PC coefficients, a 
polynomial chaos based surrogate model is analytically established 
[58]. After that, any probabilistic structural dynamic response can be 
easily reconstructed. Time evolving mean, standard deviation (SD) and 
correlation field of any resulting field of interest can be directly evalu-
ated through Equations (25)–(27). By efficiently sampling the PC sur-
rogate model, marginal or joint PDF of any structural response of 
interest can also be obtained through kernel density estimation. 

For example, Fig. 11 shows the time evolving mean and standard 
deviation (SD) of the first and top floor deformation relative to the 
ground. 

Due to inelastic, elastic-plastic response, uncertain permanent 

Fig. 9. Characterization of exponential correlation (correlation length lc ¼ 10 
floors) of uncertain structural parameter Haðx; θÞ using PCs of 
different dimensions. 

Fig. 10. Intrusive probabilistic modeling of Armstrong-Frederick hysteretic behavior and verification with Monte Carlo simulation: (a) Gaussian distributed Ha with 
mean 1.76 �107 N=m and 15% coefficient of variation (COV), Cr ¼ 17:6. (b) Gaussian distributed Ha with mean 1.76 �107 N=m and 15% coefficient of variation 
(COV), Gaussian distributed Cr with mean 17.6 and 15% COV. 

Fig. 11. Time evolving mean and standard deviation (SD) of the first and top floor deformation relative to the ground.  
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deformation is observed in both mean and standard deviation of floor 
deformation. It is noted that the deformation of top floor presents much 
larger variability than that of the first floor. 

Two typical engineering demand parameters (EDPs) are selected for 
seismic risk analysis: Maximum inter-story drift ratio (MIDR) and Peak 
floor acceleration (PFA) [59,60]. We define MIDR as a function of 
probabilistic dynamic floor displacement: 

MIDRiðθÞ ¼ max
t2½0;T �

�
juiðt; θÞ � ui� 1ðt; θÞj

Hi

�

(59)  

MIDRðθÞ¼max
i2½1;8�

max
t2½0;T �

�
juiðt; θÞ � ui� 1ðt; θÞj

Hi

�

(60)  

where MIDRiðθÞ and uiðt; θÞ are the probabilistic MIDR and displacement 
of the ith floor, respectively, and Hi is the floor height, while probabilistic 
MIDR of the whole shear frame structure is given as MIDRðθÞ. 

Probabilistic floor accelerations are defined as: 

PFAiðθÞ¼ max
t2½0;T �
fj€uiðt; θÞjg (61)  

PFAðθÞ ¼max
i2½1;8�

max
t2½0;T �
fj€uiðt; θÞjg (62)  

where PFAiðθÞ and €uiðt; θÞ are the probabilistic PFA and acceleration of 
the ith floor, respectively, while PFAðθÞ is the probabilistic PFA of the 
whole structure. Since both probabilistic displacements uiðt; θÞ and 
probabilistic accelerations €uiðt; θÞ are well defined through resulting PC 
coefficients, probabilistic response of MIDR and PFA are readily avail-
able through Equations (59)–(62). 

For example problem, the probability density evolution of MIDRðθÞ is 
shown in Fig. 12. 

At t ¼ 0s, the structure is deterministically at rest, therefore, the PDF 
of MIDR tends to infinity, i.e., a delta function centered at zero and as 
such is not shown in Fig. 12. Fig. 13 shows typical PDFs at three different 
times. 

It can be observed that PDF of MIDR is dispersing during first half of 
the seismic loading, while toward the end of the loading, it shows high 
kurtosis, due to reduced variation in input excitations. 

The PDFs of MIDR of several different floors (1st, 3rd, 6th and top 
floor) and the whole frame structure are shown in Fig. 14(a). It is 
observed that the mean of MIDR increases along with larger dispersion, 
from the top to the bottom floor. This is expected considering the in-
crease of shear force from the top floor to the base. The MIDR PDF of the 
first floor almost overlaps with that of the whole structure, which in-
dicates that the maximum inter-story drift happens at first floor. From 
the probabilistic distribution of MIDR, exceeding probability 
PðEDP> zjΓÞ can be obtained. Combining exceeding probability and 
scenario rate, EDP hazard of MIDR is calculated using Equation (6) and 

is shown in Fig. 14(b). 
It can be seen that the demand of MIDR is dominantly controlled by 

lower floors, e.g., the 1st and 3rd floor. 
In addition to PDFs of MIDR, PDFs of PFA for different floors and the 

whole frame structure are developed and shown in Fig. 15(a). The dis-
tributions of PFA of the 1st, 3rd and 6th floor are close to each other, 
while the PFA of the top floor shows larger mean and variability. The 
PFA distribution of the top floor is very close to that of the whole 
structure, which indicates the top floor tends to experience the 
maximum acceleration. EDP hazard of PFA is shown in Fig. 15 (b). The 
demand of PFA is dominantly controlled by the top floor. 

By assuming that damage measure (DM) is a step function of EDP, 
seismic risk for damage states using different levels of MIDR and PFA 
exceedance can be directly determined from the EDP hazard curve. As 
shown in Table 6, seismic risk for MIDR> 1% is 3:83� 10� 3 and the risk 
for PFA> 1m=s2 is 1:92� 10� 3. 

As noted earlier, complete probabilistic structural response, 
including both marginal distribution and correlation information, is 
contained in PC coefficients, any other EDP or other DM defined on 
multiple EDPs can also be developed with little additional effort. Fig. 16 
shows the 2D joint PDF, fðMIDR;PFAj ΓÞ of two EDPs, MIDR and PFA, 
evaluated from the PC-based surrogate model of probabilistic structure 
response. 

It can be observed that in this case MIDR and PFA are positively 
correlated. The correlation coefficient is 0.64. 

For damage measure (DM) defined on multiple EDPs, for example, 
DM : fMIDR> z1 _ PFA> z2g, seismic risk can be evaluated as: 

λðMIDR> z1 _ PFA> z2Þ¼ λ
Z

D

f ðMIDR;PFAj ΓÞ dD (63) 

Fig. 12. Time evolving probability density function (PDF) of MIDR for frame structure.  

Fig. 13. PDF of MIDR at different times: t ¼ 15s, 21s and 29s.  
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where λ is the annual occurrence rate of seismic scenario that would 
induce ground motion population Γ, while D is the integral domain 
ðMIDR;PFAÞ 2 ½z1;þ∞� [ ½z2;þ∞� according to the definition of damage 
measure. 

Using such approach, seismic risk for damage state DM defined for 
either MIDR greater than 1% or PFA greater than 1m= s2 (i.e., 

DM : fMIDR> 1% _ PFA> 1m =s2g), can be calculated as 4:20� 10� 3, 
while the risk for damage state defined for both MIDR greater than 1% 
and PFA greater than 1m=s2 (i.e., DM : fMIDR> 1% ^ PFA> 1m =s2g) 
is 60% less, equal to 1:71� 10� 3. Both of these risk values based on joint 
EDPs are rather different from the ones calculated using single EDP. 

Fig. 14. PDF and annual exceedance rate of MIDR between different story over the whole loading history.  

Fig. 15. PDF and annual exceedance rate of PFA of different stories and the whole frame structure.  

Table 6 
Seismic risk of damage state for different levels of MIDR and PFA exceedance.  

MIDR>0.5% MIDR>1% MIDR>2% PFA>0.5m=s2  PFA>1m=s2  PFA>1.5m=s2  

6.66� 10� 3  3.83� 10� 3  9.97� 10� 5  6.65� 10� 3  1.92� 10� 3  9.45� 10� 5   

Fig. 16. 2D joint PDF of MIDR and PFA of the whole shear frame structure.  
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4. Conclusions 

A time domain intrusive probabilistic seismic risk analysis frame-
work for performance based earthquake engineering was described in 
some detail. Methodology to simulate non-stationary stochastic seismic 
motions was presented. The presented methodology is directly 
compatible with state-of-the-art seismic source characterization. 
Different source, path and site factors are explicitly accounted for in the 
stochastic modeling of Fourier amplitude spectrum and Fourier phase 
derivative. Both uncertain seismic motions and uncertain structural 
parameters are characterized as random process/field and represented 
with Hermite polynomial chaos (PC) Karhunen-Lo�eve (KL) expansion. 
Direct polynomial chaos based Galerkin intrusive modeling of 1D 
elastic-plastic response was formulated and applied to simulate the 
uncertain hysteretic behavior of restoring force versus inter-story drift 
for shear frame structure. Formulations for random stiffness polynomial 
chaos coefficients were derived and incorporated into stochastic Galer-
kin elastic-plastic finite element method. 

Using developed stochastic elastic-plastic finite element method, 
probabilistic dynamic response of uncertain structural system driven by 
uncertain motions is intrusively solved. Following that, seismic risk for 
damage measure defined on single or multiple engineering demand 
parameter(s) was calculated. The proposed framework is illustrated 
within seismic risk analysis of an eight-story shear frame structure 
excited by uncertain strike-slip fault earthquakes. 
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