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Abstract An empirical ground-motion model (GMM) is presented for the interfre-
quency correlation of normalized residuals, epsilon (ϵ), for smoothed Fourier amplitude
spectra (FAS). The interfrequency correlation of ϵ (ρϵ) model is developed for the
smoothed effective amplitude spectrum (EAS), as defined by Pacific Earthquake
Engineering Research Center (PEER; Goulet et al., 2018). The EAS is the orienta-
tion-independent horizontal-component FAS of ground acceleration. Ground-motion
data are from the PEER Next Generation Attenuation-West2 database (Ancheta et al.,
2014), which includes shallow crustal earthquakes in active tectonic regions. The nor-
malized residuals are obtained from the Bayless and Abrahamson (2018b) GMM and
are partitioned into between-event, between-site, and within-site components, and a
model is developed for the total correlation between frequencies. The total correlation
model features a two-term exponential decay with the natural logarithm of frequency. At
higher frequencies, the model differs substantially from previously published models, in
which the ground-motion smoothing technique used has a large effect on the resulting
correlations. The empirical ρϵ is not found to have statistically significant magnitude,
distance, site parameter, or regional dependence, although potential regional variations
should be studied further. The model is applicable for crustal earthquakes in active tec-
tonic regions worldwide, for rupture distances of 0–300 km, M 3.0–8.0, and over the
frequency range 0.1–24 Hz. Tables for the total correlation model coefficients and
covariance matrices are provided in the Ⓔ supplemental content to this article.

Supplemental Content: Tables of model coefficients and effective amplitude
spectrum (EAS) standard deviations, correlation matrices for each residual compo-
nent, total empirical correlation, and the total correlation model.

Introduction

Residuals from empirical ground-motion models (GMMs,
also known as ground-motion prediction equations) are typi-
cally partitioned into between-event residual (δB) and within-
event residuals (δW) following the notation of Al Atik et al.
(2010). For large number of recordings per earthquake, the
between-event residual is approximately the average difference
between the observed intensity measure (IM) from a specific
earthquake and the IM predicted by the GMM. The within-
event residual (δW) is the difference between the IM at a spe-
cific site for a given earthquake and the median IM predicted
by the GMM� δB. By accounting for repeatable site effects,
δW can further be partitioned into a site-to-site residual (δS2S)
and the single-station within-event residual (δWS; also called
the within-site residual; e.g., Villani and Abrahamson, 2015).
Using this notation, the residuals take the following form:

EQ-TARGET;temp:intralink-;df1;55;98 Yes � g�Xes; θ� � δBe � δS2Ss � δWSes �1�

EQ-TARGET;temp:intralink-;df2;313;266

δtotal;es � Yes − g�Xes; θ� � δBe � δS2Ss � δWSes; �2�

in which Yes is the natural logarithm of the recorded ground-
motion IM for earthquake e and site s, g�Xes; θ� is the median
GMM, Xes is the vector of explanatory seismological param-
eters (magnitude, distance, site conditions, etc.), θ is the vector
of GMM coefficients, and δtotal;es is the total residual.

The residual components δB, δS2S, and δWS are well
represented as zero-mean independent normally distributed
random variables with standard deviations τ, ϕS2S, and
ϕss, respectively (Al Atik et al., 2010). GMM residual
components are converted to epsilon (ϵB, ϵS2S, and ϵWS) by
normalizing the residuals by their respective standard devia-
tions. Because of the normalization, the random variables ϵB,
ϵS2S, and ϵWS are represented by standard normal distribu-
tions (mean = 0 and variance = 1). If the total residual is used,
then the resulting ϵtotal will, in general, not have zero mean
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because of the uneven sampling of recordings per earthquake
in the data set.

For a given recording, the values of ϵ at neighboring
periods (T) are generally correlated. For example, if a ground
motion is stronger than average at T � 1:0 s, then it is also
likely to be stronger than expected at nearby periods, for
example, T � 0:8 or 1.2 s; however, for a widely spaced
period pair (e.g., T � 10:0 s compared with T � 1:0 s),
we expect that the ϵ values will be weakly correlated. The
interperiod (or equivalently, interfrequency) correlation coef-
ficient ρ quantifies the relationship of ϵ values between peri-
ods for a given recording.

We present an empirical GMM for the interfrequency
correlation of epsilon (ρϵ) for smoothed Fourier amplitude
spectra (FAS). The correlation model is based on recordings
from the Pacific Earthquake Engineering Research Center
(PEER) Next Generation Attenuation-West2 (NGA-West2)
database (Ancheta et al., 2014), which includes shallow crustal
earthquakes in active tectonic regions. The normalized resid-
uals (ϵ) are obtained from the GMM described in Bayless and
Abrahamson (2018b, hereafter, BA18). Rather than the tradi-
tionally used response spectrum, BA18 is developed for the
median and variance of the smoothed effective amplitude spec-
trum (EAS), as defined by PEER (PEER, 2015). The EAS is
the orientation-independent horizontal-component FAS of
ground acceleration, described in the following sections.

Paper Organization

In this article, we briefly review the correlation of epsi-
lon, describe the ground-motion IM used, explain the reason-
ing behind selecting Fourier amplitudes as the IM,
summarize the development of the correlation model and the

sensitivity of the correlation to database subsets, and
compare the model with other published models.

Review of the Correlation of ϵ

The correlation coefficient of two random variables is a
measure of their linear dependence. In this case, ϵ calculated
from a large set of ground motions at different frequencies
(f) are random variates. The correlation coefficient between
ϵ�f1� and ϵ�f2� can be estimated using a maximum-
likelihood estimator, the Pearson-product-moment correla-
tion coefficient ρ (Fisher, 1958). The correlation coefficient
for a sample of ϵ at frequencies f1 and f2 is given by the
following equation:

EQ-TARGET;temp:intralink-;df3;313;355ρϵ�f1�;ϵ�f2��
cov�ϵ�f1�;ϵ�f2��

σϵ�f1�σϵ�f2�

�
Pn

i�1�ϵi�f1�−ϵ�f1���ϵi�f2�−ϵ�f2�����������������������������������������������P
n
i�1�ϵi�f1�−ϵ�f1��2

q ���������������������������������������������P
n
i�1�ϵi�f2�−ϵ�f2��2

q

�3�
in which cov is the covariance, σ is the standard deviation, n
is the total number of observations, i is the ith observation of
ϵ, and ϵ�f1� and ϵ�f2� are the sample means of ϵ at frequen-
cies f1 and f2, respectively. In our applications, �ϵ is equal to
zero, indicating that the GMM is unbiased. The relation for
ρϵ�f1�;ϵ�f2� given in equation (3) is reciprocal; the correlation
coefficient between two given frequencies is the same
regardless of which frequency is the conditioning frequency.

The total residuals are correlated for a single earthquake,
and this effect is removed by separating the residual compo-
nents. To account for all residual terms, the total correlation
is calculated as the following equation:

EQ-TARGET;temp:intralink-;df4;55;89ρtotal�f1; f2� �
ρB�f1; f2�τ�f1�τ�f2� � ρS2S�f1; f2�ϕS2S�f1�ϕS2S�f2� � ρWS�f1; f2�ϕss�f1�ϕss�f2�

σ�f1�σ�f2�
; �4�

Figure 1. ϵ values at pairs of frequencies, exhibiting the correlation dependent on frequency spacing. (a) f1 � 0:2 Hz and f2 � 5:0 Hz;
(b) f1 � 0:2 Hz and f2 � 0:3 Hz; (c) f1 � 0:2 Hz and f2 � 0:2 Hz.

An Empirical Model for the Interfrequency Correlation of Epsilon for Fourier Amplitude Spectra 1059

Downloaded from https://pubs.geoscienceworld.org/ssa/bssa/article-pdf/109/3/1058/4710655/bssa-2018238.1.pdf
by jay14bay 
on 05 July 2019



in which ρB�f1; f2� is the correlation of the normalized
between-event residuals, ρS2S�f1; f2� is the correlation of
the normalized site-to-site residuals, ρWS�f1; f2� is the cor-
relation of the normalized single-station within-event resid-
uals, and σ is the total standard deviation. Confidence bounds
on ρ are based on a variance stabilizing transformation of ρ,
given in equation (5) (Kutner et al., 2005). The variance z is
given by equation (6), assuming that n is large enough so that
z has an approximately normal distribution. The convergence
of z to a normal distribution is very rapid as n increases
(Bradley, 2011):

EQ-TARGET;temp:intralink-;df5;55;601 z � tanh−1�ρ� � 1
2
ln
�
1�ρ
1−ρ

�
�5�

EQ-TARGET;temp:intralink-;df6;55;543 Var�z� � 1
n−3 : �6�

Using a database of partitioned residuals, the calculation
of ρϵ�f1�;ϵ�f2� can be repeated for every frequency pair of inter-
est. Figure 1 shows a graphical representation of this step at
three example frequency pairs. The resulting correlation coef-
ficients for each pair of frequencies can be saved as tables
(e.g., Al Atik, 2011; Jayaram et al., 2011; Abrahamson et al.,
2014; Akkar et al., 2014; Azarbakht et al., 2014) or can be
empirically modeled. For modern GMMs, models of the cor-
relation of ϵ are commonly created for the acceleration
response spectrum or pseudospectral acceleration (PSA; e.g.,
Baker and Cornell, 2006; Baker and Jayaram, 2008; Goda and
Atkinson, 2009; Cimellaro, 2013; Abrahamson et al., 2014;
Baker and Bradley, 2017). Recently, Stafford (2017) devel-
oped a correlation model for ϵ from FAS. This model and
the development methodology are summarized and compared
with our model in the Model Comparison section.

Motivation

The parameter ϵ is an indicator of the peaks and troughs
at a given frequency in a spectrum, and ρϵ characterizes the
relative width of these extrema. As described in Bayless and
Abrahamson (2018a), the width of peaks and troughs in
ground-motion spectra has significance in risk assessments
involving simulated ground motions because the variability
in the dynamic structural response can be underestimated if
the correlation in simulated ground motions is too low.
Therefore, models for ρϵ based on Fourier amplitudes can
be used to evaluate and calibrate physics-based simulation
methods. Correlation models based on FAS are preferable
to response spectrum models for calibrating simulations
because the FAS is a much more straightforward representa-
tion of the ground motion and is better understood by seismol-
ogists. In addition to calibrating the simulations, models for ρϵ
based on FAS can be combined with FAS-based ground-
motion prediction models (e.g., Bora et al., 2015, 2018;
Bayless and Abrahamson, 2018b) to generate conditional

mean spectra for Fourier spectra or to conduct vector-valued
probabilistic seismic hazard analyses for Fourier spectra
(Abrahamson, 2006).

EAS Ground-Motion IM

The EAS is defined in Goulet et al. (2018) and is calcu-
lated for an orthogonal pair of FAS using the following equa-
tion:

EQ-TARGET;temp:intralink-;df7;313;631 EAS�f� �
�������������������������������������������������������������
1
2
�FASHC1�f�2 � FASHC2�f�2�

q
; �7�

in which FASHC1 and FASHC1 are the FAS of the two
orthogonal horizontal components of a three-component
time series, and f is the frequency in hertz. The EAS is inde-
pendent of the orientation of the instrument. Using the aver-
age power of the two horizontal components leads to an
amplitude spectrum that is compatible with the use of ran-
dom vibration theory (RVT) to convert Fourier spectra to
response spectra. The EAS is smoothed using the log10-scale
Konno and Ohmachi (1998) smoothing window, which has
weights and window parameter defined as follows:

EQ-TARGET;temp:intralink-;df8;313;470 W�f� �
�
sin�b log�f=fc��
b log�f=fc�

�
4

�8�

EQ-TARGET;temp:intralink-;df9;313;421

b � 2π
bw
: �9�

The smoothing parameters (W; fc; b; bw) are described by
Kottke et al. (2018):

W is the weight defined at frequency f for a window
centered at frequency fc and defined by the window
parameter b. The window parameter b can be defined
in terms of the bandwidth, in log10 units, of the smooth-
ing window, bw.

The Konno and Ohmachi smoothing window was
selected by PEER NGA-East (PEER, 2015) because it led
to minimal bias on the amplitudes of the smoothed EAS
compared with the unsmoothed EAS. The bandwidth of the
smoothing window bw � 0:0333 was selected such that the
RVT calibration properties before and after smoothing were
minimally affected (Kottke et al., 2018). The smoothing of
the EAS has a direct impact on ρϵ. Using the smoothed EAS
with the same smoothing bandwidth, we maintain consis-
tency with the PEER database and with other PEER projects,
including the NGA-East empirical FASmodels (Goulet et al.,
2018) and the BA18 EAS model. The EAS models are proc-
essed by PEER following the procedure given by Kishida
et al. (2016).

The correlation model presented in this article is based
on the BA18 residuals and variance; therefore, the correla-
tion model is for the interfrequency correlation of epsilon
for the smoothed EAS (ρϵ;EAS). For notational brevity, the
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EAS subscript is dropped hereafter and is implied unless
noted otherwise. Similarly, if not stated explicitly, the term
“interfrequency” is implied in all uses of the word “correla-
tion” in this article because this is the only type of correlation
we evaluate.

On the Selection of Fourier Amplitudes

In seismic hazard and earthquake engineering applica-
tions, the PSA of a 5% damped single degree of freedom oscil-
lator (also referred to as an acceleration response spectrum) is
a commonly used IM. PSA is useful for many applications;
however, it has drawbacks. The FAS is a more direct repre-
sentation of the frequency content of the ground motions than
PSA and is better understood by seismologists. This leads to
several advantages, both in the empirical modeling and in for-
ward application.

BA18 illustrates that oscillators with different natural
frequencies are controlled by different frequency ranges of
the ground motion. At relatively higher oscillator frequen-
cies, where there is little energy left to resonate the oscillator,
the PSA ordinates are dominated by a wide-frequency band
of the ground motion that ultimately equals the integration
over the entire spectrum of the input ground motion (Bora
et al., 2016). The short-period PSA is then controlled by
the dominant period of the input ground motion rather than
the natural period of the oscillator. Therefore, as recognized
by Carlton and Abrahamson (2014), at periods smaller than
the period corresponding to the peak in the spectrum (Tp),
the ϵPSA values will be more correlated with the ϵPSA values
of Tp than for other periods with similar spacing. This effect
can be observed as the reversal and increase in the Baker and
Jayaram (2008) PSA correlation coefficients at short periods,
which is discussed further in the Model Comparison section.

In summary, PSA provides the spectrum of peak
response from a single degree of freedom system, which is
influenced by a range of frequencies, and the breadth of that
range is dependent on the oscillator period. The FAS pro-
vides a more direct representation of the frequency content

of the ground motions, and because the Fourier transform is a
linear operation, the FAS is a more straightforward represen-
tation of the ground motion. As described previously, using
FAS more easily facilitates future calibration of the interfre-
quency correlation of ground-motion simulation methods
(e.g., Bayless and Abrahamson, 2018a) because it is better
understood by seismologists and because the FAS correlation
models are less complex.

Interfrequency Correlation Model

The subset of the NGA-West2 ground-motion database
used to develop the model is described in BA18; the data
used are dominated by California earthquakes but take
advantage of crustal earthquake data worldwide to constrain
the magnitude scaling and geometric spreading. In addition,
a broader subset of data is used for testing regional variations
of the correlation, as described further in the Dependence of
the Correlation on Data Subsets section. We use the parti-
tioned EAS residuals over the empirical frequency range of
the BA18 model (0.1–24 Hz). The database accounts for
the usable frequency range limitations of each record by
applying recommended lowest and highest usable frequencies
for response spectra determined from Abrahamson and Silva
(1997). This usable frequency range accounts for the high-
pass and low-pass filter frequencies of the two horizontal com-
ponents, scaled by a factor of 1.25 to ensure that the filters do
not have a significant effect on the response spectral values, as
described in BA18. Retaining this usable frequency range
maintains consistency with the response spectrum calcula-
tions. For each frequency pair, the records are only used in the
correlation calculation if both frequencies fall within the usa-
ble range. The contour plot shown in Figure 2 displays the
amount of earthquakes, sites, and records (i.e., ϵs) used at each
pair of regression frequencies (F1 and F2).

To begin, we calculate the correlation coefficient ρϵ for
each of the normalized residual components (ϵB, ϵS2S, and
ϵWS) at each pair of modeled frequencies. We calculate
the total correlation (equation 4) using ρϵ of each residual

Figure 2. Contours showing the number of data points used in the analysis at each pair of frequencies. (a) The number of unique earth-
quakes for the between-event component, (b) the number of unique sites for the between-site component, and (c) the number of recordings for
the within-site component. The color version of this figure is available only in the electronic edition.
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component and with the component standard deviations
shown in Figure 3. Figure 3 shows that the between-event
residual standard deviation (τ) is larger than the other two
standard deviation components at frequencies below 1 Hz,
and above 1 Hz, the values of all three components are

comparable. As a result, the between-event correlation con-
tributes significantly to the total correlation (equation 4).
This is different from response spectra, in which the within-
event standard deviation is often significantly larger than the
between-event standard deviation, so the total correlations
mostly reflect the within-event correlations (Stafford, 2017).
The resulting correlations are presented as contours in
Figure 4, in which F1 and F2 are any pair of frequencies.
These figures are symmetric about the 1:1 line because
correlation coefficient between two frequencies is the same
regardless of which frequency is the conditioning frequency.
The four correlation coefficient matrices shown in Figure 4
are provided in the Ⓔ supplemental content to this article.

To help visualize these results, Figure 5 deconstructs the
ρϵ contours from Figure 4 into five cross sections at condition-
ing frequencies: 0.2, 0.5, 2, 5, and 15 Hz. In this figure, solid
lines are the ρϵ cross sections, and dashed lines represent the
95% confidence interval of ρϵ (Kutner et al., 2005).

Between-Event Empirical Correlation

The between-event empirical ρϵ cross sections are
displayed in Figure 5a. Of the residual components, the

Figure 3. Standard deviation components of the Bayless and
Abrahamson (2018b) effective amplitude spectrum ground-motion
model (GMM). The color version of this figure is available only in
the electronic edition.

Figure 4. Empirical ρϵ contours, showing (a) the between-event component, (b) the between-site component, (c) the within-site
component, and (d) the total. The color version of this figure is available only in the electronic edition.
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confidence intervals on these correlation coefficients are the
widest because there are the fewest samples of the between-
event terms (earthquakes) for calculating ρϵ. Figure 5a shows
that the between-event ρϵ contributes significantly to the
ρϵ;total, and some frequency dependence exists. The between-
event ρϵ physically relates to source effects (e.g., stress drop),
which drive ground motions over a broad frequency range
and thus lead to relatively broad interfrequency ρϵ.

Stafford (2017) observed minor magnitude dependence
of the between-event empirical ρϵ and attributed these to the
variations in the source corner frequency for events of the
same magnitude, concluding that larger magnitude events
should exhibit stronger interfrequency correlations over a
broader range of frequencies than smaller magnitude events.
We chose not to model any magnitude dependence into our
ρϵ model; our reasoning is described in the Dependence of
the Correlation on Data Subsets section.

Between-Site Empirical Correlation

The between-site residual represents the systematic
deviation of the observed amplification at a site from the
median amplification predicted by the model using a VS30-

based site classification (Al Atik et al., 2010). Therefore,
the between-site ρϵ represents the interfrequency correlation of
the systematic site amplification deviations. The between-site
empirical ρϵ cross sections are displayed in Figure 5b. These
correlations are generally not as strong as the between-event
empirical ρϵ but still contribute significantly to the total cor-
relation. The shape of the ρϵ cross sections does not vary
strongly with conditioning frequency, especially below 5 Hz.
At frequencies above 5 Hz, the ρϵ cross sections broaden
mildly.

Within-Site Empirical Correlation

The within-site residual component represents the
remaining residual after partitioning the random effects for
the event and the site. The within-site empirical ρϵ cross sec-
tions are shown in Figure 5c. The confidence intervals on
these correlation coefficients are close fitting because there
are many samples of the within-site residuals for calculating
ρϵ. The within-site ρϵ cross sections are characterized by a
steep decay at frequencies very close to the conditioning fre-
quency followed by a relatively flat slope at frequencies far-
ther away from the conditioning frequency. In general, the

Figure 5. Empirical ρϵ cross sections versus frequency at conditioning frequencies 0.2, 0.5, 2, 5, and 15 Hz (solid lines), with 95%
confidence bounds on ρ (dashed lines), for (a) the between-event component, (b) the between-site component, (c) the within-site component,
and (d) the total correlation. The color version of this figure is available only in the electronic edition.
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strength of the within-site-component interfrequency
correlations is substantially lower than the other residual
components.

Total Correlation Model

The total interfrequency ρϵ cross sections, calculated
using equation (4), are shown in Figure 5d. Some frequency
dependence is observed; if the correlations were independent
of the conditioning frequency, all the contour lines in
Figure 4d would be parallel. The contours are not parallel,
indicating a minor frequency dependence of the interperiod
correlations. For example, the 0.2 Hz correlation cross sec-
tion in Figure 5d drops off more rapidly moving away from
the conditioning frequency and has a different overall shape
than the cross section conditioned at 15 Hz. The broader cor-
relations at high frequencies are the result of the log-scale
smoothing window used on the EAS. Initially, we modeled
the correlations independently of the conditioning frequency
with an exponential drop off in log-frequency space. The
simplicity of this approach had a few advantages. First, it
guarantees to produce a positive definite covariance matrix,
which is a favorable feature for simulating realizations of
ground motions. Second, a simple model was a good starting
point for evaluating the correlation in ground-motion simu-
lations. The frequency-independent model was a good fit to
the empirical correlations on average but was generally too
broad at low frequencies and too narrow at high frequencies;
therefore, we decided to fit the total interfrequency ρϵ with a
slightly more complex frequency-dependent model. The fre-
quency-dependent model allows for more robust evaluations

of the simulations and for future applications of the model to
incorporate correlations as similar to the data as possible.

Figure 6 shows the total ρϵ contours (Fig. 5d) in yet
another manner; only the upper triangular part of the sym-
metric correlation matrix is plotted. Each line in Figure 6a is
the empirical total correlation coefficients for one of 239 con-
ditioning frequencies, indicated by the frequency with cor-
relation value 1. Each of these correlation contours is fit
independently to develop the correlation model. Figure 6b
shows a subset of the total empirical correlation coefficients
along with the empirical model. The model contours in
Figure 6b are assigned different line weights subjectively to
identify frequency ranges with significantly different shapes.

The total ρϵ empirical model takes the form shown in the
following equations:

EQ-TARGET;temp:intralink-;df10;313;553ρϵ;total;Model�f1;f2�� tanh�A�fm�eB�fm�×fr �C�fm�eD�fm�×fr �
�10�

EQ-TARGET;temp:intralink-;df11;313;494fr �
���� ln

�
f1
f2

����� �11�

EQ-TARGET;temp:intralink-;df12;313;452fm � min�f1; f2� �12�

EQ-TARGET;temp:intralink-;df13;313;414If f1 � f2; ρϵ;total;Model�f1; f2� � 1; �13�

in which f1 and f1 are the two frequencies considered; tanh
is the hyperbolic tangent; A; B; C, and D are frequency-
dependent constants; fr is the absolute value of the natural
log-ratio of the two frequencies; and fm is the minimum
of the two frequencies. The model in equation (10) is a
two-term exponential decay with the natural logarithm of
frequency. Two exponential terms are required to model the
shape of the correlation cross sections (e.g., Fig. 5d), which
starts off with a steep decay at frequencies very close to the
conditioning frequency and then flattens as the log ratio of
frequencies increases. Equation (10) includes the hyperbolic
tangent operator because the regression is performed on
Fisher-transformed values of the correlation (equation 5),
which results in approximately normally distributed varia-
bles z. This transformation emphasizes the fit to the higher
correlation values, which we are most concerned about
modeling accurately. The Fisher transformation is undefined
for ρϵ � 1, so we force the correlation model to be unity
when f1 � f2 (equation 13). The frequency dependence of
coefficients A; B; C, and D is shown in Figure 7, and values
are given in the Ⓔ supplemental content to this article.

The total ρϵ empirical model contours and cross sections
are shown in Figure 8. The empirical model compares favor-
ably with the empirical correlations, especially at high cor-
relation values, which are emphasized in the regression using
the Fisher transformation (equation 5).

Figure 6. (a) Empirical total correlation coefficients for 239
conditioning frequencies. (b) A subset of the total empirical corre-
lation coefficients (solid lines), along with the model (dashed lines).
The color version of this figure is available only in the electronic
edition.
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Range of Applicability

The total ρϵ empirical model is developed using the
PEER NGA-West2 EAS database (Ancheta et al., 2014)
and was not found to have strong magnitude, distance, site
parameter, or regional dependence (discussed further later).
Therefore, the model is applicable for crustal earthquakes in
active tectonic regions worldwide. The model is applicable
for rupture distances of 0–300 km, M 3.0–8.0, and over the
frequency range 0.1–24 Hz. At frequencies outside this
range, the model has not been tested. If extrapolation is
required, we recommend using the values for coefficients
A; B; C, and D at either f � 0:1 or 24 Hz for extrapolating
to lower and higher frequencies, respectively. Tables for the
total ρϵ model coefficients and covariance matrices are
provided in the Ⓔ supplemental content to this article.

Model Comparison

In this section, the model is compared with two other
empirical models for ρϵ.

Comparison with Baker and Jayaram (2008)

Baker and Jayaram (2008) developed an interperiod cor-
relation model for within-event ϵ based on PSA using the
NGA-West1 database (Chiou et al., 2008). Using an updated
database, Baker and Bradley (2017) confirmed that the
updated correlations were largely consistent with the Baker
and Jayaram (2008) model. In PSA GMMs, the within-site
and between-site residuals are usually combined when
within-event correlations are computed, and the within-event
standard deviation is often significantly larger than the

Figure 7. Frequency dependence of the ρϵ;total empirical model coefficients A, B, C, and D. fm is the minimum of the two frequencies
considered (equation 10). The color version of this figure is available only in the electronic edition.

Figure 8. (a) Model ρϵ;total contours; (b) model ρϵ;total cross sections (dashed lines) compared with empirical cross sections (solid lines).
The color version of this figure is available only in the electronic edition.
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between-event standard deviation, so the total correlations
mostly reflect the within-event correlations (Stafford, 2017).
The Baker and Jayaram (2008) contours derived from
within-event ϵ for PSA are shown in Figure 9. An important
difference between the contours derived from EAS (Fig. 4)
and those from PSA is the behavior at high frequencies. The
PSA contours in Figure 9 broaden substantially at high
frequencies (short periods); this is because of the wide-
frequency range that influences the short-period PSA, as dis-
cussed previously. The EAS contours do not behave this way
because the Fourier transform operation at each frequency
bin is independent of neighboring bins. For frequencies
below about 10 Hz, the Baker and Jayaram (2008) model
is independent of the conditioning frequency.

Comparison with Stafford (2017)

Stafford (2017; hereafter, S17) used a subset of the
NGA-West1 database to develop models for the interfre-
quency ρϵ and variance of FAS. S17 modeled the FAS using
two approaches: first by adapting the Yenier and Atkinson
(2015) FAS model to the data and second by performing a
regression to the data with a simple GMM at each frequency
independently. Like this study, S17 partitioned the residuals
into between-event, between-site, and within-site components.
S17 used unsmoothed FAS ordinates in the model develop-
ment, which is an important distinction from the approach pre-
sented here and has an effect on the resulting models, as
shown in the subsequent sections. In addition, the S17 model
used both as-recorded horizontal components of the ground
motions, as opposed to an orientation-independent horizontal
component such as the EAS used here.

Figure 10 summarizes the S17 model for the total
ρϵ of the unsmoothed FAS over the frequency range
0.1–24 Hz, assuming a source corner frequency of 0.08 Hz.
In Figure 10b, the S17 total ρϵ model cross sections are com-
pared with the total ρϵ model developed here. The S17 total ρϵ
model features more frequency dependence and at high
frequencies has a much stronger decay of the correlations in the
vicinity of the conditioning frequency than the model devel-
oped here. The large differences in high-frequency ρϵ models
are likely the result of the different smoothing techniques used.
The smoothing averages the EAS in log-spaced frequency
bands, which increases the correlation between frequencies.
As mentioned previously, the smoothing is done to maintain
consistency with the PEER database and with models devel-
oped in other studies using the PEER database. At frequencies
below 0.2 Hz, the S17 exponential decay near the conditioning
frequency is slightly weaker than the model developed here,
but the differences are small. These differences can be attrib-
uted to the combination of differences described previously:
ground-motion component, database, smoothing technique,
and GMM used for computing the residuals.

Figure 9. Baker and Jayaram (2008) pseudospectral accelera-
tion correlation model contours, developed from the within-event
residuals of Next Generation Attenuation-West1 GMMs. The color
version of this figure is available only in the electronic edition.

Figure 10. (a) Stafford (2017) ρϵ;total contours using fc � 0:08 Hz. (b) Comparison of the two ρϵ;total model cross sections at five
conditioning frequencies. The color version of this figure is available only in the electronic edition.
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S17 observed minor magnitude dependence of the
between-event ρϵ and attributed these to the variations in the
source corner frequency for events of the same magnitude,
concluding that larger magnitude events should exhibit
stronger interfrequency correlations over a broader range of
frequencies than smaller magnitude events. We chose not to
model any magnitude dependence into our total correlation
model; our reasoning is described in the following section.

Dependence of the Correlation on Data Subsets

There have been conflicting conclusions published
about the sensitivity of response spectra correlation coeffi-
cients to the ground-motion database subsets. Azarbakht
et al. (2014), using PSA and the NGA-West1 database, con-
cluded that the within-event correlation coefficients had
meaningful dependencies on the causal magnitudes and dis-
tances of the recordings. This conclusion differs from those
made by several other published studies, including Baker and
Cornell (2006), Baker and Jayaram (2008), Carlton and
Abrahamson (2014), and Baker and Bradley (2017). Baker
and Bradley (2017) investigated the dependence of PSA
interperiod correlations on binned data subsets of the
PEER NGA-West2 database. They concluded that the corre-
lations show no systematic trends with causal magnitude,
distance, or VS30. This was the same conclusion made by
Baker and Jayaram (2008), which was developed using the
NGA-West1 database. Carlton and Abrahamson (2014)
concluded that the robustness of generic correlation models
for PSA is a result of their dependence on spectral shape
rather than tectonic region. Stafford (2017), working with
unsmoothed FAS, found weak magnitude dependence on the
between-event interperiod correlations, attributing these to
the variations in the source corner frequency for events with
the same magnitude. Stafford (2017) did not observe system-
atic dependence of the between-site or within-site residual
correlations on causal magnitude or distance.

To investigate the dependence of the correlations on dif-
ferent seismological parameters, we recalculate the total ρϵ of
the EAS for the subsets of the data. The subsets are created by
binning residuals based on magnitude, distance, VS30, and
earthquake region. The complete list of residual subsets ana-
lyzed is given in Table 1. For each data subset listed in Table 1,
we calculate ρϵ for each component of the residuals and
review the ρϵ contours and cross sections. As expected,

deviations from the full database ρϵ occur, but we do not find
any systematic differences based on this qualitative
assessment.

The dependence is also investigated more methodically
by following the procedure taken by Baker and Bradley
(2017). With this routine, the total ρϵ from each data subset
is calculated using the GMM residuals from that subset. The
total ρϵ for the subset is then compared with the ρϵ from the
full database. The results of this procedure are summarized in
Figure 11, in which the total empirical ρϵ for four frequency
pairs are shown for the 20 subsets from Table 1. In Figure 11,
the full database total ρϵ for each frequency pair is shown
with the solid, horizontal line, with dashed lines representing
the lower and upper bounds for 95% confidence intervals of
these coefficients (Kutner et al., 2005). Solid circles are the
total ρϵ calculated for each indicated data subset, and the tri-
angles indicate 95% confidence intervals of those coefficients.
The 95% confidence intervals represent the statistical uncer-
tainty in the correlation coefficients due to the finite number
of samples and the standard deviation of the samples. If the
confidence intervals of two groups do not overlap, then the
differences in the correlation coefficients of the two groups
are statistically significant at the 95% confidence level.

Figure 11a shows the magnitude-binned results, which
reveal no systematic trends. The largest magnitude bin suffers
from the smallest sample size, especially for the between-
event terms, and has the largest variations from the full data-
base ρϵ. But at each frequency pair, the 95% confidence inter-
vals for the binned data overlap with those for the full
database, indicating that the two are not statistically signifi-
cantly different for this bin. Figure 11b shows the distance-
binned results, which also have overlapping confidence inter-
vals for each frequency pair and bin, revealing no apparent
dependence of ρϵ on distance. Figure 11c shows the VS30-
binned results. The VS30 > 700 m=s bin has the largest devi-
ations from the full database, but no systematic, statistically
significant dependencies are observed. Figure 11d shows the
results for the regional data subsets, in which deviations from
the full database are stronger than any of the other data subsets
examined. Figure 11c are from the California model residuals,
but correlations in Figure 11d are from residuals for a larger
subset of the full NGA-West2 database. The regional subsets
have overlapping confidence intervals with the full database
for each frequency pair except for the Japan subset coefficient
at 1 and 4 Hz. The Western North America (WNA), all non-
WNA, Japan, and Taiwan regions contain a substantial num-
ber of events and recordings in this analysis. The China and
Mediterranean regions have the smallest sample sizes, as indi-
cated by the wide confidence intervals, such that their devia-
tions from the full database correlation coefficients are likely
not significant, but this should be investigated in the future
using more data for each region.

Based on our analysis of the data subsets, we do not
detect any conclusive systematic relationships between ρϵ
and the seismological parameters reviewed. We do find that
the largest differences in correlation coefficients occur at

Table 1
Data Subsets Analyzed to Investigate ρϵ Dependence on

Seismological Parameters

Parameters Bins

M < 4:0, 4.0–5.0, 5.0–6.0, 6.0–7.0, > 7:0
Rrup (km) 0–15, 15–30, 30–50, 50–75, 75–100
VS30 (m=s) < 300, 300–500, 500–700, > 700

Region Western North America (WNA; primarily California),
all non-WNA, Japan, Taiwan, China, Mediterranean
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widely spaced frequencies when ρϵ values are low. This is an
expected feature because of the heteroskedastic (nonconstant
standard deviation) nature of the correlation coefficients.
Correlation coefficients with values close to zero have a
larger standard deviation than coefficients with values close
to 1, meaning that the confidence intervals for low correla-
tion coefficients are wider. This effect can be observed in
Figure 11a, in which the 95% confidence intervals are tight
for the 0.9 and 1 Hz pair coefficient and wide for the 0.3 and
5 Hz pair coefficient. As a result, differences between ρϵ at
low values are not usually significant. In addition, in practice,
we care most about the frequency ranges with high correla-
tions because these are related to the width of peaks and
troughs in the spectra, and the wider frequency pairs with
low correlations are not as impactful. Therefore, we conclude
it is neither practical nor necessary to include dependencies
on the reviewed seismological parameters in our interfre-
quency EAS correlation model. This conclusion agrees with
the Baker series of conclusions for PSA (Baker and Cornell,
2006; Baker and Jayaram, 2008; Baker and Bradley, 2017)
and with Carlton and Abrahamson (2014).

Correlation of Select Well-Recorded Events

Because no systematic relationships between ρϵ and
magnitude, distance, or site parameter were observed, the
interfrequency correlation should approximately agree with
the empirical model for a given event or set of events. To
test this, we use the residuals from nine events identified
by the Southern California Earthquake Center (SCEC)
Broadband Platform (BBP) validation project (Dreger et al.,
2015) to calculate the interfrequency ρϵ and compare with
the empirical model. The SCEC BBP is a collaborative
software development project, with the objective to inte-
grate complex scientific codes for generating broadband
ground-motion simulations for earthquakes. A key part of
the SCEC process is to validate the simulations against data
from well-recorded earthquakes, as described in the Dreger
et al. (2015) validation exercise. The nine events from
active crustal regions for validating the simulations against
data are 2008 Chino Hills, 2007 Alum Rock, 1987 Whittier
Narrows, 1986 North Palm Springs, 1994 Northridge, 1989
Loma Prieta, 1992 Landers, 2000 Tottori, and 2004 Niigata
(Goulet et al., 2015).

Figure 11. Total ρϵ for four frequency pairs (identified in the legend) for data binned by (a) magnitude, (b) rupture distance, (c) site VS30,
and (d) earthquake region. The full database total ρϵ for each frequency pair is shown with the solid horizontal line, and dashed lines represent
the lower and upper bounds for 95% confidence intervals of these coefficients (Kutner et al., 2005). Solid circles are the total ρϵ calculated for
each indicated data subset, and triangles indicate 95% confidence intervals of these coefficients. The color version of this figure is available
only in the electronic edition.
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Figure 12a shows the ρϵ;total contours derived from resid-
uals for these nine events, and Figure 12b compares the
ρϵ;total cross sections with the empirical model. Figure 12
supports the hypothesis that ρϵ;total should approximately
agree with the empirical model for a given event or set of
events. In this case, departures from the model are observed,
especially for the cross section conditioned at 0.2 Hz, but the
95% confidence bounds on ρϵ;total indicate that differences
are not statistically significant because these enclose the
model over most frequencies.

Conclusions

The empirical model for the interfrequency correlation
of the EAS developed in this study is applicable to shallow
crustal earthquakes in active tectonic regions worldwide for
rupture distances of 0–300 km, magnitudes of 3.0–8.0, and
frequencies of 0.1–24 Hz. We do not find statistically signifi-
cant magnitude, distance, site parameter, or regional depend-
ence of the correlation, although potential regional variations
should be studied further with more data from additional
regions.

The ρϵ empirical model developed here has several
applications in practice. The correlation model can be used
to define the interfrequency correlation in stochastic ground-
motion simulation methods such as Boore (2003). Stafford
(2017) and Bayless and Abrahamson (2018a) give examples
of this procedure, using their respective correlation models,
to modify the point-source stochastic simulation method to
generate simulated acceleration time series with realistic ρϵ.
This correlation model is also appropriate for use in evaluation
and validation studies of the interfrequency correlations from
physics-based numerical simulations for ground motions from
finite-fault earthquakes (Bayless and Abrahamson, 2018a). In
such studies, the standard EAS approach for smoothing the

FAS needs to be used for the simulations to be consistent with
the ρϵ empirical model.

Data and Resources

Analyses and graphics production were performed
using the numeric computing environment MATLAB (www
.mathworks.com, last accessed January 2019). All ground-
motion data are from the Pacific Earthquake Engineering
Research Center (PEER) Next Generation Attenuation-West2
(NGA-West2) database (Ancheta et al., 2014).
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